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Abstract
We consider the application of permutation orbifold constructions
towards a new possible understanding of the genus zero property in
Monstrous and Generalized Moonshine. We describe a theory of twisted
Hecke operators in this setting and conjecture on the form of Gener-
alized Moonshine replication formulas.
1 Introduction
The Conway and Norton Monstrous Moonshine Conjectures [CN], the con-
struction of the Moonshine Module [FLM] as an orbifold vertex operator al-
gebra and the completion of the proof of Monstrous Moonshine by Borcherds
[Bo2] provided much of the motivation for the development of Vertex Oper-
ator Algebras (VOAs) e.g. [Bo1], [FLM], [Ka], [MN]. Another highlight of
VOA theory is Zhu’s study of the modular properties of the partition func-
tion (and n-point functions) for generic classes of VOAs [Z]. Zhu’s ideas were
generalized to include orbifold VOAs [DLM] whose relevance to Monstrous
Moonshine is emphasized in refs. [T1], [T2]. Norton’s Generalized Moon-
shine Conjectures [N2] concerning centralizers of the Monster group has yet
to be generally proven using either Borcherds’ approach or orbifold partition
function methods although some progress has recently been made in refs. [H]
and [T3], [IT1], [IT2] respectively.
In this note, we sketch a possible new approach to these areas based on
permutation orbifold VOA constructions [DMVV], [BDM]. In particular, we
introduce a theory of twisted Hecke operators generalizing classical Hecke
1
operators in number theory e.g. [Se]. We then discuss permutation orbifold
constructions where the classical Hecke operators naturally appear and finite
group and permutation orbifold constructions where the twisted Hecke op-
erators appear. Using these ideas we formulate a conjecture on the nature
of Generalized Moonshine replication formulas generalizing replication for-
mulas for the classical J function and McKay-Thompson series in Monstrous
Moonshine. Detailed proofs will appear elsewhere [T4].
2 Replication Formula for the J Function
We begin with a brief review of Faber polynomials, Hecke algebras and the
replication formula for the classical J function. Consider
t(q) = q−1 + 0 +
∑
k≥1
a(k)qk,
the formal series in q. Define the Faber polynomial Pn(x) for t(q) to be the
unique nth order polynomial with coefficients in Z[a(1), . . . , a(n − 1)] such
that
Pn(t(q)) = q
−n +O(q). (1)
Thus P1(x) = x, P2(x) = x
2 − 2a(1), P3(x) = x
3 − 3a(1)x − 3a(2) etc. The
Faber polynomials for t satisfy the following generating relation e.g. [Cu],
[N1]
exp(−
∑
n≥1
pn
n
Pn(x)) = p(t(p)− x), (2)
for formal parameter p.
Let f(τ) be a meromorphic function of τ ∈ H, the upper half complex
plane. Then for integer k ≥ 1 define a right modular group action on f for
γ =
(
a b
c d
)
∈ Γ = SL(2,Z) as follows
(f |kγ)(τ) = (cτ + d)
−kf(γτ), (3)
with γτ = aτ+b
cτ+d
. Then f is a modular form of (necessarily even) weight k if
f is holomorphic in τ and
f |kγ = f.
Define the standard Hecke operators T (n) for n ≥ 1 with the following action
on a modular form f of weight k [Se]
T (n)f(τ) =
1
n
∑
a≥1,ad=n
ak
∑
0≤b<d
f(
aτ + b
d
). (4)
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These satisfy the Hecke algebra
T (mn) = T (m)T (n), (m,n) = 1,
T (p)T (pm) = T (pm+1) + pk−1T (pm−1), m ≥ 1, prime p . (5)
One finds
(T (n)f)|kγ = T (n)f, (6)
i.e. T (n)f is also a modular form of weight k.
The classical example is the Eisenstein series Gk of even weight k ≥ 4
(with Gk(τ) = 0 for odd k) [op.cit.]
Gk(τ) =
∑
m,n∈Z
(m,n)6=(0,0)
1
(mτ + n)k
= 2ζ(k) + 2
(2πi)k
(k − 1)!
∑
n≥1
σk−1(n)q
n, (7)
where q = exp(2πiτ) and σk(n) =
∑
d|n d
k. Furthermore, Gk is an eigenfunc-
tion of T (n) with eigenvalue determined by the coefficient of qn normalized
to the coefficient of q i.e.
T (n)Gk = σk−1(n)Gk. (8)
Thus it follows from (5) that for k odd
σk(mn) = σk(m)σk(n), (m,n) = 1,
σk(p)σk(p
m) = σk(p
m+1) + pkσk(p
m−1), m ≥ 1, prime p . (9)
In fact, it is easy to check directly that (9) holds for all k ∈ C.
The classical modular invariant function of weight 0 is given by
J(τ) = 1728
G34
G34 −G
2
6
− 744
=
∑
k∈Z
c(k)qk = q−1 + 0 + 196884q + 21493760q2 + . . .
with standard normalization c(−1) = 1 and c(0) = 0. J is a hauptmodul
for the genus zero group Γ and is thus a generator for the field of modular
invariants. Thus
T (n)J(τ) =
∑
a≥1,a|n
1
a
∑
s∈Z
c(
ns
a
)qas (10)
=
1
n
q−n +O(q). (11)
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is a polynomial in J which from (1) and (11) must be
T (n)J(τ) =
1
n
Pn(J(τ)), (12)
where Pn is the Faber polynomial corresponding to J . Eqn. (12) is called the
replication formula for J .
Eqn. (10) also implies that
∑
n≥1
pnT (n)J(τ) =
∑
r≥1,s∈Z
c(rs)
∑
a≥1
1
a
parqas = −
∑
r≥1,s∈Z
c(rs) log(1− prqs).
Then (2) implies the famous J function denominator formula [N1], [Bo2]
exp(−
∑
n≥1
pnT (n)J(τ)) =
∏
r≥1,s∈Z
(1− prqs)c(rs)
= p(J(p)− J(q)). (13)
This formula is one of the cornerstones of Borcherds’ celebrated proof of the
genus zero Moonshine property where (13) is a denominator formula for a
particular generalized Kac-Moody algebra constructed from the Moonshine
Module V ♮ [Bo2].
3 Twisted Hecke Operators and Eisenstein Se-
ries
The definitions of modular functions and Hecke operators above can be gen-
eralized to ”twisted” versions as follows. We define a twisted modular form
of integer weight k to be a holomorphic (in τ) function f = f((θ, φ), τ) for
(θ, φ) ∈ U(1)× U(1) such that
f |kγ = f,
where
(f |kγ)((θ, φ), τ) = (cτ + d)
−kf(γ(θ, φ), γτ),
with left group action
γ(θ, φ) = (θaφb, θcφd). (14)
Clearly the case (θ, φ) = (1, 1) defines a standard modular form of weight k.
We can extend the definition of the Hecke operator T (n) to twisted mod-
ular forms as follows:
T (n)f((θ, φ), τ) =
1
n
∑
a≥1,ad=n
ak
∑
0≤b<d
f((θaφb, φd),
aτ + b
d
), (15)
4
which includes the standard definition in the case (θ, φ) = (1, 1). For φ = 1
and θm = 1 for integerm, this Hecke operator is essentially that which appears
in Borcherds’ proof [Bo2] and is discussed at length in ref. [F].
We also define a homothety operator1
R(n)f((θ, φ), τ) = f((θn, φn), τ). (16)
These operators satisfy the Hecke algebra [T4]
R(mn) = R(m)R(n)
R(m)T (n) = T (n)R(m)
T (mn) = T (m)T (n), (m,n) = 1,
T (p)T (pm) = T (pm+1) + pk−1T (pm−1)R(p), m ≥ 1, prime p, (17)
and one again finds
(T (n)f)|kγ = T (n)f, (18)
i.e. T (n)f is also a twisted modular form of weight k.
A twisted Eisenstein series Gk((θ, φ), τ)) of weight k ≥ 1 can also be
defined [DLM], [MTZ]. In particular, for k ≥ 4 we define2
Gk((θ, φ), τ) =
∑
m,n∈Z
(m,n)6=(0,0)
θmφn
(mτ + n)k
,
for θ, φ ∈ U(1) with Gk((1, 1), τ)) = Gk(τ) [MTZ]. Gk((θ, φ), τ) is not an
eigenfunction of T (n) in general. However, for prime p
T (p)Gk((θ, φ), τ) = p
k−1Gk((θ, φ), τ) +R(p)Gk((θ, φ), τ). (19)
Hence if (θ, φ) = (θp, φp) then T (p)Gk((θ, φ), τ) = σk−1(p)Gk((θ, φ), τ).
4 The Permutation Orbifold of a C = 24 Holo-
morphic Vertex Operator Algebra
4.1 The Orbifold of a Holomorphic VOA
We now consider a Vertex Operator Algebra V (VOA) of central charge 24
e.g. [FLM], [Ka], [MN]. We assume that V is a Holomorphic VOA (HVOA)
1A similar operator is defined in the standard case [Se].
2The notation used here differs from that of op.cit.
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so that V is the unique irreducible module for itself with modular invariant
meromorphic partition function [Sch], [DM]
ZV (τ) = TrV (q
L(0)−1) =
∑
k≥−1
a(k)qk
= J(τ) + a(0).
For example, the Moonshine Module V ♮ is a HVOA with ZV ♮(τ) = J(τ)
whereas ZVL(τ) = J(τ) + 24 for the Leech lattice HVOA VL [FLM].
Let G be a finite subgroup of the automorphism group of V . Then for
g ∈ G define the orbifold trace function
ZV ((g, 1), τ) = TrV (gq
L(0)−1),
(so that ZV ((1, 1), τ) = ZV (τ)). For the Moonshine Module V
♮
Tg(τ) = ZV ♮((g, 1), τ), (20)
is the McKay-Thompson series for g ∈ M, the Monster group of automor-
phisms of V ♮.
Since V is holomorphic, there is a unique twisted module Mh for each
h ∈ G [DLM]. For g ∈ C(h), the h centralizer, g induces a class of linear
maps φ(g) on Mh so that we may define a twisted orbifold trace function
3
Z((g, h), q) = Z((g, h), τ) = TrMh(φ(g)q
L(0)−1), (21)
a meromorphic function for τ ∈ H [op.cit.]. We define a right action of the
modular group for γ ∈ Γ as follows4
(Z|0γ)((g, h), τ) = Z(γ(g, h), γτ), (22)
with
γ(g, h) = (gahb, gchd).
The trace function enjoys the modular invariance property
(Z|0γ)((g, h), τ) = ǫγ(g, h)Z((g, h), τ). (23)
for cocycle ǫγ(g, h) ∈ C
∗ [op.cit.] generalizing earlier ideas of Zhu concern-
ing trace functions [Z]. Specializing to the McKay-Thompson series (20),
these results imply that Tg(τ) is a meromorphic function on H satisfying the
modular invariance property (23) for h = 1.
3denoted by Z(h, g−1, τ) in ref. [DLM],
4The 0 subscript denotes the modular weight of Z((g, h), τ).
6
Let us consider orbifolds without a global phase anomaly i.e. where each
φ(g) acting on Mh can be chosen such that ǫγ(g, h) = 1 so that [Va]
(Z|0γ)((g, h), τ) = Z((g, h), τ). (24)
In particular, this condition implies that for h of order m
Z((1, h), τ) =
∑
k∈Z
a((1, h),
k
m
)qk/m, (25)
for some integers a((1, h), k
m
) ≥ 0. We next define the G−orbifold partition
function by
ZG−orb(τ) =
1
|G|
∑
g,h∈G
gh=hg
Z((g, h), τ)
=
∑
[h]∈G
1
|C(h)|
∑
g∈CG(h)
Z((g, h), τ), (26)
for centralizer C(h) = {hg = gh|g ∈ G} and where [h] denotes a conjugacy
class of G. Clearly ZG−orb(τ) is also modular invariant. The most well-known
example is the original construction for the Moonshine Module V ♮ as a Z2
orbifold of the Leech lattice VOA [FLM].
4.2 Permutation Orbifolds
Let V ⊗n = V ⊗ V ⊗ . . . V denote the nth tensor product VOA with partition
function ZV ⊗n(τ) = Z(τ)
n and central charge 24n. The symmetric group Sn
naturally acts on V ⊗n as an automorphism group. For each β ∈ Sn there is a
unique β-twisted V ⊗n module Mβ which can be explicitly constructed from
the original HVOA V [DMVV], [BDM], [Ba]. Furthermore, we may explicitly
compute the permutation orbifold partition function ZSn−orb(τ).
We illustrate this in the first non-trivial case for V ⊗ V . Then S2 = 〈σ〉
for 2−cycle σ where σ : u⊗ v → v ⊗ u for all u⊗ v ∈ V ⊗ V . We thus find
ZV⊗V ((σ, 1), τ) = Z(2τ).
The σ−twisted module Mσ has partition function
ZV⊗V ((1, σ), τ) = TrMσ(q
L(0)−1) = Z(
τ
2
),
with
ZV⊗V ((σ, σ), τ) = Z(
τ + 1
2
),
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following (24). Thus we obtain
ZS2−orb(τ) =
1
2
Z(τ)2 + T (2)Z(τ), (27)
for Hecke operator T (2) of (4) for weight zero.
In general, for β ∈ Sn, consider the cycle decomposition
β = σm11 σ
m2
2 . . . σ
mn
n , (28)
where σk denotes a k−cycle. The conjugacy classes of Sn are enumerated by
the set of partitions of n =
∑
1≤k≤n
kmk. The centralizer is then
C(β) = Sm1 × (Sm2 ⋊ C2
m2)× . . .× (Smn ⋊ Cn
mn), (29)
of order
∏
1≤k≤n
kmkmk! with cyclic group Ck = 〈σk〉 and Smk the permutation
group on the mk cycles σk. We may construct Mβ = ⊗kM
⊗mk
σk
which has
partition function [BDM]
Z((1, β), τ) = TrMβ(q
L(0)−1) =
∏
1≤k≤n
Z(
τ
k
)mk .
One eventually finds that the Sn permutation orbifold partition function is
[DMVV]
ZSn−orb(τ) =
∑
[β]∈Sn
1
|C(β)|
∑
α∈C(β)
Z((α, β), τ) =
∑
m1,...mnP
kmk=n
∏
1≤k≤n
1
mk!
(T (k)Z(τ))mk ,
(30)
for the classical Hecke operator T (k) of (4).
It is natural to define a permutation orbifold generating function by
Zperm(p, q) = 1 +
∑
n≥1
pnZSn−orb(τ), (31)
for a formal parameter p. Thus we obtain [op.cit.]
Zperm(p, q) = exp(
∑
n≥1
pnT (n)Z(τ)) =
∏
r≥1,s∈Z
1
(1− prqs)a(rs)
, (32)
where Z(τ) =
∑
k≥−1 a(k)q
k. This is clearly of the form of the inverse of the
LHS of denominator formula (13). Thus such expressions canonically arise in
the context of permutation orbifolds for C = 24 HVOAs.
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Specializing to the case of the Moonshine module V ♮ where Z(τ) = J(τ)
we obtain
Zperm
V ♮
(p, q) = exp(
∑
n≥1
pnT (n)J(τ)) =
1
pJ(p)− pJ(q)
= 1 + pJ (q) +
(
J (q)2 − c (1)
)
p2 +
(
J (q)3 − 2 J (q) c (1)− c (2)
)
p3+(
J (q)4 − 3 c (1) J (q)2 − 2 J (q) c (2)− c (3) + c (1)2
)
p4 + . . .
This formula and the infinite product formula of (32) very strongly sug-
gest that Zperm
V ♮
(p, q) is the partition function for a doubly graded symmetric
bosonic module with Monster characters which is, algebraically speaking, the
inverse of the alternating homological structure constructed by Borcherds
[Bo2]. Furthermore, infinite product formulas such as that of (32) have been
given the interesting interpretation as a ”second quantized” string partition
function in the physics literature [DMVV]. A rigorous VOA construction for
such a structure would be of obvious interest.
5 Finite Group and Permutation Orbifolds
Let us now consider orbifolding V ⊗n with respect to G × Sn where G acts
diagonally on V ⊗n and Sn is the permutation group for V
⊗n. We consider
again a C = 24 holomorphic VOA, with modular invariant partition function
and where (24) is holds. We may construct unique twisted sectors for each
(h, β) ∈ G× Sn [BDM] to find [T4]
ZSn−orb((g, h), τ) =
∑
m1,...mnP
kmk=n
∏
1≤k≤n
1
mk!
(T (k)Z((g, h), τ))mk , (33)
where here T (k) is the twisted Hecke Operator of (15). Then (18) implies
(T (n)Z((g, h), τ))|0γ = T (n)Z((g, h), τ). (34)
We may define a permutation orbifold generating function generalizing
(31) as follows:
Zperm((g, h), p, q) =
∑
n≥1
p
n
mZSn−orb((g, h), τ)
= exp(
∑
n≥1
p
n
mT (n)Z((g, h), τ)). (35)
where h is of order m and using (33). For g = 1, this expression reduces to
an infinite product formula generalizing (32) to find
Zperm((1, h), p, q) =
∏
r≥1,s∈Z
(1− p
r
m q
s
m )−a((1,h
r), rs
m
), (36)
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where Z((1, hr), τ)) =
∑
k∈Z a((1, h
r), k
m
)q
k
m .
6 Monstrous and GeneralizedMoonshine - the
Genus Zero Property
We now consider the FLM Moonshine Module VOA V ♮ [FLM] and its rela-
tionship to Moonshine. The original Monstrous Moonshine paper of Conway
and Norton described evidence for an unexpected relationship between prop-
erties of the Monster finite group and the theory of modular forms [CN].
Many of these relationships are now understood to be generic to orbifold
constructions in conformal field theory/VOA theory e.g. [FLM], [T1], [T2],
[DLM]. However, the special feature that sets the Moonshine Module V ♮
apart from other VOAs is the Genus Zero Property [CN]. This states that for
each g ∈ M, the McKay-Thompson series Tg(τ) of (20) is a hauptmodul for
some genus zero modular group Γg. Thus for g of prime order o(g) = p, one
finds (excluding one class of order 3) that either Γg = Γ0(p) with g = p− (in
the notation of [CN]) or else with g = p+ with Γg = Γ0(p)+ = 〈Γ0(p),Wp〉
where Γ0(p) = {
(
a b
c d
)
|c = 0 mod p} and Wp : τ → −1/pτ is a Fricke
involution. In general, we say that g ∈ M is Fricke if Tg is invariant under
a Fricke involution WN : τ → −1/Nτ where N = ko(g) and k|24 and is
otherwise non-Fricke. k = 1 in the global phase anomaly free cases where
(24) holds.
The distinction between Fricke and non-Fricke classes is particularly im-
portant in the orbifold interpretation of Moonshine [T1]. There is very sig-
nificant evidence for the general conjecture that the genus zero property for
a McKay-Thompson series is equivalent to the statement that for any global
phase anomaly free element g, orbifolding V ♮ with respect to 〈g〉 for g Fricke
results in V ♮ again whereas orbifolding V ♮ with respect to 〈g〉 for g non-Fricke
results in the Leech lattice VOA [T2].
Generalized Moonshine refers to the still generally unproven conjecture
of Norton [N2] that for each commuting pair g, h ∈ M, then ZV ♮((g, h), τ)
is either a hauptmodul for a genus zero modular group or is a constant. It
is easy to show using (23) that (1) ZV ♮((g, h), τ) is constant iff g
chd is non-
Fricke for all (c, d) = 1 [N2], [T3] and (2) if g, h ∈ 〈k〉 for some k ∈ M then
ZV ♮((g, h), τ) is a hauptmodul (since it can then be modular transformed
to a McKay-Thompson series [T3], [IT1], [DLM]). In the remaining ”non-
trivial” cases, we may use (23) again to transform ZV ♮((g, h), τ) to a trace
over a Fricke twisted module so that the genus zero property reduces to an
analysis of h Fricke cases alone. The case of h = 2+, with centralizer 2.B for
the Baby Monster B, has now been proved by Hoehn [H]. The relationship
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between orbifoldings of the Moonshine module and the genus zero property
of Generalized Moonshine for h = p+ is discussed at length in [T3], [IT1],
[IT2], [I].
The approach taken in Borcherds’ proof of the Monstrous Moonshine
genus zero property is to firstly prove a twisted denominator identity gen-
eralizing (13) [N1], [Bo2]
exp(−
∑
n≥1
pnT (n)Tg(τ)) = p(Tg(p)− Tg(q)). (37)
This is the defining formula for completely replicable functions [N1], [FMN]
from which it follows that the leading coefficients of Tgi(τ) for i = 1, 2, . . .
determine Tg(τ). Koike showed that the list of hauptmoduln appearing in the
Moonshine Conjectures are completely replicable [Ko]. Based on this result
and an analysis of the leading coefficients (using the explicit form for Tg(τ)
found by FLM for 2− centralizers in the Monster [FLM]) Borcherds then
demonstrated that indeed Tg(τ) obeys the genus zero property. This part
of the proof was improved upon in [CG] where meromorphicity, modularity
and the genus zero property are shown to generally follow from the infinitely
many replication formulas that follow from (1) and (37), namely
T (n)Tg(q) =
1
n
Fn(Tg(q)), (38)
where Fn is the Faber polynomial for Tg(q).
However, as already noted, Tg(q) is known to be meromorphic on H from
[DLM]. Furthermore, by combining (38) with the general modular transfor-
mation property (23) (or (24) in the absence of global anomalies) one can
also expect to obtain the genus zero property for Tg in a more direct fashion
along the lines of the methods described in refs. [T1], [T2].
On the other hand, in the permutation orbifold construction based on V ♮,
(37) reads
Zperm
V ♮
((g, 1), p, q) = exp(
∑
n≥1
pnT (n)ZV ♮((g, 1), q))
=
1
p(ZV ♮((g, 1), p)− ZV ♮((g, 1), q))
.
Recall our previous remarks concerning the reduction of Generalized Moon-
shine to Fricke classes. Consider h a global phase anomaly-free Fricke element
of order o(h) = m so that ZV ♮((1, h), q
m) = ZV ♮((h, 1), q). It follows that
exp(
∑
n≥1
pnT (n)Z((1, h), qm)) =
1
p(ZV ♮((1, h), pm)− ZV ♮((1, h), qm))
.
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Hence from (36) we find for such Fricke h that
Zperm
V ♮
((1, h), p, q) =
1
p
1
m (ZV ♮((1, h), p)− ZV ♮((1, h), q))
. (39)
This together with the general result (36) again suggests the existence of
a symmetric bosonic construction forming a doubly-graded module for the
centralizer of C(h) for each such Fricke element h. It is thus natural to
conjecture that for all order m global phase anomaly-free Fricke elements h
the following holds
Zperm
V ♮
((g, h), p, q) = exp(
∑
n≥1
p
n
mT (n)ZV ♮((g, h), q))
=
1
p
1
m (ZV ♮((g, h), p)− ZV ♮((g, h), q))
. (40)
From (1), this is equivalent to the following Generalized Moonshine replica-
tion formula for global phase anomaly-free Fricke elements h
T (n)ZV ♮((g, h), q) =
1
n
Fn(ZV ♮((g, h), q)), (41)
where Fn is the Faber polynomial for ZV ♮((g, h), q
m)). The equivalence of this
replication formula to the genus zero property for Generalized Moonshine
would therefore require a suitable generalization of the various Monstrous
Moonshine arguments.
We conclude with the example of n = 2. Then (41) implies
ZV ♮((g
2, h), 2τ) + ZV ♮((g, h
2),
τ
2
) + ZV ♮((gh, h
2),
τ + 1
2
)
= ZV ♮((g, h), τ)
2 − 2a((g, h),
1
m
),
where ZV ♮((g, h), τ) = q
− 1
m + 0 + a((g, h), 1
m
) q
1
m + ... which corresponds to
an example quoted in ref. [N2]. In particular, for h = 2+ and g of order 2
then using Fricke invariance we find
Th(τ) + Tg(
τ
2
) + Tgh(
τ + 1
2
) = ZV ♮((g, h), τ)
2 − 2a((g, h),
1
2
),
which can be easily verified in each case.
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